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Heat Transfer from Two-Phase Boundary 
Layers on Isothermal Cylinder: Influence of 
Drop Trajectory 

The influence of drop trajectories on boundary layer structure and heat trans- 
fer coefficient is determined for a binary spray flow over the upstream surface of 
an isothe_rmal cylinder. Governing equations are solved for drop trajectories 
upstream of the cylinder, the laminar liquid boundary layer adjacent to the 
cylinder surface, and the outer laminar vapor boundary layer. Velocity, tempera- 
ture, and mass concentration profiles throughout the double boundary layers are 
shown to depend on flow parameters involving drop size and velocity. The critical 
conditions for which the liquid film dries out are identified for a range of drop size 
and velocity, defining the transition from the liquid film to the dry wall flow 
regime. Theoretical results for heat transfer are shown to correlate existing 
experimental data. 

SCOPE 
The increase in surface heat transfer resulting from the 

addition of liquid drops to a gas stream may contribute a 
significant reduction in size and operating cost of a heat ex- 
changer. The application can also be used for the emergency 
cooling system in a nuclear reactor where liquid drops can be 
sprayed directly across a heating surface. The objective of this 

John W. Heyt is with General Electric Corporation, South Portland, Maine 04104. 

0001-1541-803731-0762-900.95. 0 The American Institute of Chemical Engineers, 
1680. 

CHRISTOPHER C. LU 
and 

JOHN W. HEW 
Department of Chemical Engineering 

The University of Dayton 
Dayton, Ohio 45469 

study is to identify the effect of drop trajectory on the boundary 
layer structure and on the local heat transfer coefficient for a 
binary spray flow perpendicular to an isothermal cylinder. 
Drops of a single-component liquid’ are dispersed uniformly 
throughout the binary gas, which is composed of the vapor of 
the liquid drops and a noncondensable component. Gas and 
liquid flows are retarded near the stationary cylinder surface, 
forming a boundary layer. Drops which impinge on the cylin- 
der surface form a liquid film which enhances the wall heat 
transfer. 
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The governing flow parameters such as Reynolds number, 
liquid drop concentration, drop size and surface temperature 
will determine the flow regime which exists a t  the heating 
surface. At low wall temperature, drops collect a t  the wall and 
form a thin liquid layer on the surface, with an outer spray 
boundary layer formed above the liquid film. Increased con- 
vection and conduction in the liquid layer and evaporation 
from the film surface are primary reasons for the increase in 
wall heat transfer in this regime. As the wall temperature is 
increased, the liquid layer will completely dry out owing to 
evaporation, resulting in the transition to the dry wall flow 
regime. The critical values of the flow parameters for which 
this transition occurs are particularly important for the predic- 
tion of heat transfer, since the physical nature of the boundary 
layer is very different in each case. A different theory for 
prediction of wall heat transfer must be applied for each re- 

gime. In the present study, the boundary layer structure for 
binary spray flow over an  isothermal circular cylinder is de- 
termined for the case in which the influence of drop trajectory 
upstream of the cylinder is significant. 

It is also found in the present study that both inertia and drag 
forces of the drop particles essentially influence the drop 
trajectory of the binary spray flow. For a large inertia force and 
a small drag force, the drop particles tend to form a straight 
trajectory. On the contrary, for a small inertia force and a large 
drag force, the drop particles tend to follow the streamlines of 
the gas flow and move around the cylinder surface. A sig- 
nificant increase in the heat transfer coefficient is obtained by 
increasing the inertia force. The experimental data for the heat 
transfer coefficient obtained by Hodgson et  al. (1966) is corre- 
lated using the governing nondimensional parameters defined 
in this studv. 

Early experimental data on heat transfer augmentation using 
a spray were obtained for tube bundles used in atmospheric 
condensers by James (1937), Goodman (1938), Thomsen (1946) 
and Wile (1950) and used in evaporative heat exchangers by 
Elperin (1961). The average heat transfer coefficient for the tube 
bundle is shown to increase as liquid concentration in the spray 
increases. In general, use of these data is limited to equipment 
of the same type, size and operating conditions. 

To identify basic mechanisms which govern spray flow and are 
independent ofequipment size and type, data on a single tube in 
spray flow have been obtained by Acrivos et  al. (1964), Smith 
(1966). Hodgson et al. (1966), Hoelscher (1965) and Takahara 
(1966) for the case of an isothermal cylinder wall. The addition of 
the liquid spray is shown to increase the average heat transfer 
coefficient by a factor as large as 40. Measurements of the local 
heat transfer coefficient as a function of angular position on the 
cylinder surface have shown values to decrease from the stagna- 
tion point on the upstream face. Relatively small variation has 
been observed on the downstream surface. Mednick and Colver 
(1969) observed increases in the wall heat transfer coefficient by 
a factor as large as 30 in experiments on a circular cylinder with 
constant wall heat flux. Thomas (1967) has also measured sub- 
stantial increase in wall heat transfer for a spray cooled wedge. 
The increase in surface heat transfer by a factor as large as 40 
resulting from the addition of liquid drops to a gas stream has 
stimulated recent interest in basic fluid mechanics and heat 
transfer in spray flows. 

Theoretical work on spray flow over an isothermal circular 
cylinder by Acrivos et al. (1964) dealt with the limiting case of 
creeping and inviscid flow. In an integral analysis of the liquid 
layer by Smith (1966), evaporation at the film surface was in- 
cluded in calculations of temperature profiles and overall heat 
transfer. In an extended integral analysis including third-order 
velocity and temperature profiles, theory by Hodgson and Sun- 
derland (1968) correlates wall heat transfer data by Hodgson et 
al. (1966) at large liquid concentration but underestimates the 
data at low liquid concentration. The effect on wall heat transfer 
of drop trajectory in the flow outside the boundary layer was 
included by Goldstein et  al. (1967), and the region near the 
stagnation point was studied by Yeh and Yang (1967). Loss of 
mass from the liquid layer because of evaporation was studied by 
Heyt and Jain (1972), showing the effect on wall heat transfer 
and giving critical flow parameters for the transition from the 
liquid film to the dry wall regime. Analysis of the cylinder with 
constant heat flux has been developed by Heyt and Lu (1972). 

Analysis has also been applied by Tifford (1964) and Goldstein 
e t  al. (1967) to heat transfer on a flat plate in spray flow and by 
Thomas (1967) to the spray cooled wedge. Analysis for the dry 

wall regime has been developed by Heyt and Larsen (1971) and 
compared to experimental data for flow parallel to a flat plate. 

This study was conducted to determine the effect of drop 
trajectory on the local heat transfer coefficient and flow regime 
transition in binary spray flow normal to an isothermal cylinder. 
Boundary layer equations are written for conservation of mass, 
momentum and energy throughout both the liquid layer next to 
the wall and the outer spray layer. Interface conditions between 
the two layers match the transfer of mass, momentum and 
energy between the layers. Solutions give the velocity, temper- 
ature and mass concentration through both layers and the liquid 
layer thickness. Wall heat transfer and shear stress are then 
evaluated. Results for drop trajectory are compared to results for 
the assumption of straight drop trajectory, and experimental 
data of Hodgson e t  al. (1966) are correlated using the governing 
nondimensional parameters defined in the present theory. 

ANALYSIS 

The spray flow geometry is shown in Figure 1, where X and 
Y are the coordinates for drop trajectories upstream of the 
cylinder, and x and y are coordinates used in the boundary layer 
analysis located tangential and normal to the cylinder surface, 
respectively. The symbol U*, is used to indicate the uniform_ 
approach spray velocity far upstream of the cylinder, while U 
represents the local tangential gas velocity on the upstream face 
of the cylinder just outside the boundary layer. The boundary 
layer analysis is based on the following assumptions which are 
valid for the Reynolds number range for incompressible gas flow 
in which forced convection is the dominant mode of heat trans- 
fer: 

1. Spray transport properties are those of the continuous gas 
phase alone are constant, and liquid transport properties are 
constant. 

2. Liquid and gas phase density are each constant. 

i 

Figure 1. Spray flow trajectories: K = 4, Re$K = 1 OOO. 
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TABLE 1 .  DRAG COEFFICIENT CONSTANTS 

A,, = 1.01405502 
A, = 3.84014924 X lo-' 
A, = -4.5867258 X 
A, = -6.9084339 X lo-' 

A, = -2.37077754 X lo-' 
A, = 6.83158450 X 
A, = 8.12899339 X lo-' 
A, = 2.295610 X lo-" 

3. Liquid drops are unifromly distributed throughout the gas 
and have the same velocity as the gas far upstream of the 
cylinder. 

4 .  The gas is saturated with vapor at the upstream location. 
5 .  The effects of surface tension, wave formation, viscous 

dissipation and gravity are negligible. 
6. The gas phase flow field upstream of the cylinder may be 

determined from single-phase potential flow theory. 
Drop motion in the gas flow field upstream of the cylinder is 

governed by the following conservation of momentum equa- 
tions: 

where the streamlines are given by 

(3) 

The boundary conditions on drop motion are 

x9-co Ud(X,Y) = 1 , X 3 - m  v d ( x , Y )  = 0 (4)  

corresponding to equality of drop and gas velocity far upstream 
of the cylinder. The potential flow velocity components for the 
gas are 

2XY v = -  x2-  Y2 

( X Z +  Y2)2 ' ( X 2 +  Y2)2 
us= 1 - (5) 

Experimental data on drag coefficient Cd and local Reynolds 
number Re have been tabulated by Bergrun (1947) as a relation 
between CdRe/24 and Re. The following formula is obtained 
from a curve fit to this data, and the resulting Cd calculations are 
in agreement with data from Schlichting (1960) up to Re = 
10 000. The values of the constants Aj  are given in Table 1. 

CdRe/24 = A. + A,Re0.' + A2Re0.' + A3Re1.' + A4Re'.7 + 
A5Re2.O + A6Re2.3 + A7Re3.' (6) 

Under the boundary layer assumption, the governing conser- 
vation equations are written for the liquid layer and spray layer 
in dimensionless form as follows. The stream function + is used, 

Liquid layer momentum 
where u = + a+lay, v = - a+lax. 

1 dP U, +-- (7) -- WL wL a2GL -- - __- = - 
ay axay ax ay2 2pL dx Re, ay3 

Liquid layer energy 

(8) 
a+L aeL a+L doL - U, azoL 
a y  ax ax aq PrLRe, ayz 
-- - -- - -- 

Gas layer momentum 

1 
Re, 
- a", 

a Y 3  
.- (9) 

Gas layer energy 

Gas layer vapor species 

The boundary conditions for these equations are 

a + L  d+L 
aY ax 
- ( x , O )  = - (x.0) = 0, OL ( x , O )  = 1, 

y!9m 8,(X,Y) = 0 (12) 

corresponding to zero velocity and constant temperature at the 
wall, and the local free stream velocity, temperature and vapor 
concentration which are distributed around the cylinder as the 
outer limiting conditions on the boundary layer. 

At the interface separating the liquid layer and the gas layer, 
the boundary layer variables are related through interface con- 
servation laws which provide the following interface conditions 
for solution of the governing differential equations in each layer 
and the determination of interface thickness. 
Equality of tangential velocity 

UL = ug 

Equality of temperature 

or. = 8, 

Conservation of total mass 

Conservation of mass of liquid and vapor 

Conservation of thermal energy 

~ - -  PL a e L  - 1 - aeg (17) 
Re,PrL ay  Re,Pr,C, ay  

Conservation of momentum in x direction 

(18) 
w*diu*d2 d8  w*,iU*,V% - _ -  
p*,U*," dx p*,U*,' 

Relation between vapor concentration and temperature 

The nondimensional parameters Re, PI-, and Sc, which are 
common to single-phase flow, also govern the two-phase bound- 
ary layer. The additional parameter E p  is characteristic of two- 
phase flows and represents the ratio of latent heat to sensible 
heat within the boundary layer. The constants nl, w2 and r3 
result from a quadratic approximation to the vapor pressure 
curve of the liquid and are given in the appendix. 

In general, the drop concentration at  the interface and the 
normal and tangential components of drop impingement veloc- 
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TABLE 2. DROP TRAJECTORY PARAMETERS 

ReiK K a, 

0 0.4 0.626 
4 1.379 
40 1.538 

4 1.291 
40 1.504 

1 OOO 0.4 0.416 
4 1.147 
40 1.495 

100 0.4 0.55 

UdO Ym 

0.154 0.195 
0,741 0.8175 
0.957 0.976 
0.114 0.14 
0.68 0.7325 
0.928 0.948 
0.08 0.1035 
0.56 0.65 
0.888 0.9215 

udm 

0.45 
1.039 
1.014 
0.38 
1.030 
1.022 
0.26 
0.98 
1.032 

vdm 

0.485 
0.194 
0.024 
0.51 
0.286 
0.06 
0.37 
0.35 
0.097 

ity are dependent on location on the upstream cylinder face. 
Consideration of mass concentration for the drops upstream of 
the cylinder gives the following nondimensional relation at the 
liquid interface: 

The relation between drop position in the free stream and the 
impingement angular position on the cylinder surface may be 
expressed by Y, = Y, sin ( d 2  dam) following Brun e t  al. (1953). 
The derivative of this expression is used in Equation (20). 

Expressions for the horizontal and vertical velocity compo- 
nents for drop impingement on the cylinder surface are deter- 
mined from the solution of Equations (1) to (5). The following 
relations are determined by curve fitting to that solution: 

The tangential component of drop impinging velocity is then 
obtained as 

U d  = U d  sin a + V d  cos a (23) 

The expansion for the angle a in terms of x is immediately 
available. The variables am, Y,, UdO, u d ,  and v d m  are deter- 
mined from the solution of Equations (1) to (5) and are depen- 
dent on the values of K and ReyK as given in Table 2. 

SOLUTION OF EQUATIONS 

cylinder is given as follows by Schlichting (1960): 
The velocity distribution in potential flow past a circular 

] (24) [ 3! 5! 7! 
- x3 x5 x7 
U(X) = 2 x - - + - + - + --- 

The pressure distribution on the upstream surface is given by 

The coordinate perturbation technique is used to reduce the 
governing partial differential equations into sets of ordinary 
differential equations with corresponding boundary conditions. 
The dependent variables are expanded as follows, where 

16 

The liquid boundary layer thickness is a function only ofx, given 
by 

At the interface, the variables f,, F,, g,, G ,  and H ,  are 
functions only of x, since the liquid layer thickness is a function 
only of x. Each function then may be expanded in a Taylor series 
around the value at the stagnation point as given in the following 
example: 

The other variables are expanded in a similar manner. The 
constant qi0 is determined from the liquid layer thickness at the 
stagnation point ao(2Re,)-t. 

When Equations (26) to (32) are substituted into the govern- 
ing partial differential equations, interface relations and bound- 
ary conditions, and the coefficients of like powers of x are 
equated, sets of ordinary differential equations with correspond- 
ing boundary and interface conditions are obtained. Owing to 
the increasing length of the higher order equations, the first- 
order equations are listed here, and the second-, third- and 
fourth-order equations may be found from Lu (1972). 
Differential equations: 

(33) fi‘2 - ffi = - + V L f ; ”  

F’,,flPrL + vLF’~ = 0 (34) 

g,’Z - g,g;’= 1 + g,’” (35) 

Gbg,Pr, + G: = 0 (36) 

Hbg,Sc + H ; =  0 (37) 

1 
PL 

Boundary conditions: 

TABLE 3. GOVERNING PARAMETERS 

Parameter Value Parameter Value 

38.2 Wrm 0.0153 PL 
PrL 4.78 C,L 4.15 

PL 

E V  34.8 

0.708 Tl -2.09 pr, 

sc 0.60 V3 -4.12 
828.0 m2 0.251 
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Figure 3. Liquid layer thickness. 

Figure 2. Velocity and temperature distributions: a *  = 0, p = 16, Re3K = 
1 OOO. 

The first-order set of equations corresponds to flow at the 
stagnation point, and the higher-order sets improve accuracy for 
higher values of x. The first four terms of each perturbation 
series are solved in the present analysis, since the higher-order 
terms become very small in determination of heat transfer, Lu 
(1972). 

The two-point boundary value problems posed by the first 
four sets of equations were solved as initial value problems using 
fourth-order Runge-Kutta numerical integration. Wall condi- 

tions and liquid layer thickness were assumed for the unknown 
values, and the equations were integrated until a check for the 
local conditions at the edge of the boundary layer was applied. A 
matrix Newton-Raphson routine was used to converge to the 
correct wall conditions and liquid film thickness. 

The wall shear stress and heat flux are determined from the 
gradient of the temperature and velocity profiles at the wall, 
respectively: 

The local drag coefficient based on shear stress alone and Nus- 
selt number are then calculated as 
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Figure 4. Drag coefficient. 
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Figure 6. Dry out criteria. 
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Figure 5. Nusselt number. 

RESULTS AND DISCUSSION 

The set ofdrop trajectories in Figure 1 shows the influence of 
drag forces from the gas, causing the drops to deviate from a 
straight trajectory and flow around the cylinder. The drops 
which impinge on the cylinder form the liquid film on the 
upstream face. The drops which originate from a location with Y 
> Y, never impinge on the cylinder and do not influence the 
boundary layer heat transfer. Drops impinge on the upstream 
surface for a 5 a,, so the boundary layer results of this study 
apply only for this case. 

Large values of the parameter K correspond to the motion of 
drops in an approximately straight trajectory. Low values of this 

I K Re:/K' 
I I I 

-- 
0 11.5 312 

A 28.8 782 
2.5- 26.0 312 

d 64.9 778 
A 115.0 782 

25.6 1220 '"- 
45.5 1220 

m 102.0 1220 
1.5  - 

= 1.0 - 

- 0.5 - lim K * -  

_ _ _ _  _ Km4,Re:fK =I00 
T h i s  Study 

I I I I 
0 5 10 15 20 25 30 

6 

Figure 7. Experimental data. 
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TABLE 4. GOVERNING PARAMETERS FOR EXPERIMENT 
(Hodgson et al., 1966) 

pL = 34.84 W,., = 0.0316 
Pr, = 4.34 CpL = 4.16 
Pr, = 0.708 T,  = -2.132 
PL = 874 ~2 = 0.251 
Sc = 0.6 T S  = -4.08 
Ev = 34.6 

parameter correspond to the case in which drops approximately 
follow the streamlines of the gas flow and move around the 
cylinder. Increasing cylinder diameter corresponds to increas- 
ing ReyK, which also tends to increase impingement on the 
cylinder. 

Previous studies dealing with spray flow over a circular cylin- 
der, Jain and Heyt (1972) and Heyt and Lu (1972), have indi- 
cated that the single parameter /3 has primary significance for 
correlating data in spray flow. Physically, this result indicates 
that drop flux entering the liquid layer in the direction normal to 
the cylinder is dominant. The nondimensional parameters given 
in Table 3 are typical of water-air spray under atmospheric 
conditions and are used for all results presented in Figures 1 to 
6. 

The tangential velocity and temperature profiles are shown in 
Figure 2 for selected values of K ,  keeping ReyK and /3 constant. 
The formation of liquid layer and gas layer is evident, as the 
corner in each profile marks the discontinuity slope between the 
two layers. An increase in the value of K tends to increase the 
thickness of the liquid layer owing to increased drop impinge- 
ment on the upstream cylinder surface. The gradient in both the 
liquid tangential velocity and temperature also increase, result- 
ing in increased surface shear stress and heat transfer. 

The variation of the liquid film thickness with angular position 
on the upstream cylinder face and the parameters affecting drop 
trajectory is shown in Figure 3. For a given value of /3, the film 
thickness is seen to increase for increasing values of K and 
decreasing values of R&K. The maximum angle indicated by 
each of the interface thickness curves corresponds to the 
maximum angle of drop impingement on the cylinder surface 
and thus the maximum angle for which the present theory is 
applicable. For the low values of K ,  it  is evident that the drops 
impinge only for small values of a. For /3 = 10, only the 
maximum and minimum liquid layer thickness curves are 
shown. For /3 = 0.1, drops impinge on an appreciable amount of 
the cylinder only for the lower values of RegK. 

The variation with angular position of the local drag coeffkient 
based upon wall shear and the local Nusselt number are shown 
in Figures 4 and 5, respectively. For a given value of /3, the 
increase in wall shear and heat transfer with increasing K reflects 
the increase in liquid layer thickness. At the low values of /3, the 
effects of drop trajectory have only a small effect on shear and 
heat transfer, since the values for the two-phase flow approach 
those for single-phase flow. 

At low values of 0, the liquid film thickness is found to 
decrease with increasing a. The entire upstream face of the 
cylinder is thus dry when the liquid film thickness has vanished 
at  the stagnatjon point. The influence of drop trajectory on the 
criteria for wall dry-out is shown in Figure 6. The region above 
and to the right of each curve corresponds to the liquid film 
regime, and the region below and to the left corresponds to the 
dry wall regime. At low values of K ,  corresponding to drops 
which tend to flow around the cylinder following the gas, the 
liquid layer dries out at higher liquid content. Increasing the 
parameter Re'dK also increases the value of /3 for which the film 
vanishes. 

Experimental data reported by Hodgson e t  al. (1966) are 
shown in Figure 7 in comparison to theoretical predictions of the 
present study. Thr  set ofparameters matching the experimental 
conditions is given in Table 4. Whereas theory based on straight 
drop trajectory tends to overestimate the heat transfer at large 
values of /3, the theory including trajectory curvature is in 
agreement with the trend of the data. 

APPENDIX 

The nondimensional vapor concentration at the interface between the 
liquid layer and the outer spray boundary layer is obtained by first 
expressing the vapor pressure of the liquid as an approximate quadratic 
function of temperature: 

P:. = C: + C*,T* + C*3T*z ('41) 

Calculation of the concentration ratio then gives 

Substitutiou of Equation (Al) into Equation (A2) with use of dimension- 
less variables gives Equation (19). 

NOTATION 

Symbols with the superscript ( )* are dimensional quantities, all 
others are dimensionless. 

C P  
D *og 

Eu 

= constants in the expansion of liquid layer thickness 
*2, C*, = constants for vapor pressure curve of the liquid 
= drag coefficient of liquid drops in gas phase 
= local drag coefficient, 2T*/p*, U S 2  
= specific heat, C *,/C %o 

= mass difhsivity of vapor in noncondensible gas 
= evaporation number, A*/(C*,,) (T$-T*,) 
= liquid layer velocity variables 
= liquid layer temperature variables 
= gas layer velocity variables 
= gas layer temperature variables 
= local wall heat transfer coefficient 

Hn(  q) = gas layer vapor concentration variables 
K 
k* 
N 
N u  
P 
Pr 

R* 
r 
Re 

4* 

Re, 

Re, 

sc  
T* 

U 
U %  v 

U 

0 
V 
W 

X 
Y 
Y 

X 

= inertia parameter, (2/9) (pdr2Re,) 
= thermal conductivity 
= vapor concentration ratio, W,./W,, 
= local wall Nusslet number, 2 h*R*/k*, 
= pressure, P*/p*,U*,'/2 
= Prandtl number, p*C$,Ik* 
= local heat flux at the wall 
= radius of cylinder 
= radius of liquid drop, r*/R* 
= local Reynolds number with respect to drop, 2r*p*, 

= free stream Reynolds number with respect to drop, 

= free stream Reynolds number with respect tocylinder, 

= Schmidt number, v*,/D*, 
= temperature 
= local x direction velocity, u*/U*, 
= local X direction velocity, U*/U*, 
= reference velocity far removed from cylinder 
= eotential flow velocity at liquid boundary layer edge, 

= local y direction velocity, v*/U*, 
= local Y direction velocity, V*/U*, 
= mass concentration, W*/p*, 
= coordinate tangential to cylinder surface, x*/R* 
= coordinate parallel to free stream velocity, X*/R* 
= coordinate normal to cylinder surface, y*/R* 
= coordinate normal to free stream velocity, Y*/R* 

[(u*,-u*,)z + (v*,-v*,)g*/p*, 
2r*p,*Um*lp,* 

R *p,*Um*lp,* 

C'*/U*, 

Greek Letters 

a* 
/3 = W,,(Ule,)* 
6 
T =y(2Ar,)* 
8 = temperature, (T*-T*,)/(T*,.-T*,) 
A* = enthalpy of vaporization of liquid 
V = kinematic viscosity, v*/v*, 

= angle giving location on cylinder surface 

= liquid boundary layer thickness, 6*/R* 
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p = absolute viscosity, p*Ip%, 
1 ~ 1  = T*,C*2/C*, 

7r2 
~3 = (C*JC*I) (h*IC*pL) 
p =density, p*lp*, 
T* 

I,!J = stream function 

= c *,c *& *22 

= local shear stress at the wall 

Subscripts 

d = liquid drop 
g = gas properties 
i 
L = liquid properties 
rn 
0 = stagnation point 
w = condition at wall 
02 = free stream conditions 

= interface at liquidlgas boundary layers 

= maximum value for impingement on surface 

Superscripts 
I = derivative with respect to the independent variable 
0 = degrees 
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The Calculation of Critical Points 
Gibbs classical theory of critical points leads to two simultaneous, nonlinear 

equations in the intensive variables of the critical phase. In this paper is presented 
a new procedure for evaluating the functions which appear in these nonlinear 
equations. The new procedure simplifies and permits the speeding up of the 
computation of critical points in multicomponent mixtures. 

Computations have been performed for critical points in binary and multicom- 
ponent mixtures described by the SRK equation. The methods developed will be 
equally applicable to other two-constant equations of state. The equations to be 
solved are organized as two equations in the unknown critical temperature and 
specific volume for a mixture of known composition. One of the two equations, the 
determinant which establishes the stability limit for the mixture, is shown to be 
satisfied by more than one volume at a given temperature and by several tempera- 
tures at a given volume. A technique is proposed to assure that the correct 
temperature, volume solution can be found for this equation. For critical points in 
ordinary gas-liquid systems, an overall computational procedure is suggested in 
which it proves to be unnecessary to provide initial guesses for either the tempera- 
ture or the volume. 

Application has also been made to several systems with high density (liquid- 
liquid) critical points. 

ROBERT A. HEIDEMANN 
and 
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Deportment of Chemical Engineering 

The University of Calgory 
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SCOPE 
This PaPer deals with the calculation of critical points in widely used to correlate phase equilibrium in mixtures, par- _ _  

multicomponent mixtures in which all fluid phases are de- 
scribed by an equation of state. Various equations of state are 

titularly mixtures of hydrocarbons. Among these are two con- 
stant equations proposed by Wilson (1969), Soave (1972) and - -  

oW1-1541-8~2377-0764$01.25. 0 The American Institute of Chemical Engineers, 
1980. Peng and Robinson (1976). Phase equilibrium computation 
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